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The inverse design of superhard materials is often hindered by the vastness of the configurational space. In this
work, we employ our recently developed D’REAM framework—an approach that integrates machine-learning
potentials with optimization strategies—to enable automated and efficient discovery of superhard materials.
Using D’REAM, we identified carbon allotropes, Cg(C2/m) and Cg(I12,2,2;), with bulk moduli approaching
400 GPa. Furthermore, we found four carbon allotropes, C4(12,2,2;), Cg(12,2,2;), Cg(P1), and Cg(C2/m),
exhibiting uniaxial elastic moduli surpassing that of diamond. Extending the search to the complex B-C-N
system, active learning revealed superhard phases B,CsN(Pmm2), B,C;N(Cm), and B,C;sN4(P1). Analysis
of the B-C-N search space further indicates that boron-nitrogen incorporation up to 40% enables the design of
superhard materials with enriched structural and mechanical diversity.

DOI: 10.1103/8qyx-sqtn

I. INTRODUCTION

Materials with a Vickers hardness above 40 GPa are clas-
sified as superhard materials. Owing to their exceptional
mechanical strength, they are widely employed in industrial
applications such as cutting, drilling, boring, turning, and
grinding [1-5]. Diamond, the hardest material known to date,
possesses a Vickers hardness of approximately 90-100 GPa
and an ultrahigh Young’s modulus, rendering it highly resis-
tant to wear and virtually undeformable under applied stress
[6]. Nevertheless, its widespread use in manufacturing is lim-
ited by several drawbacks, including intrinsic brittleness, poor
low-temperature plasticity, processing challenges, and high
production cost [6,7]. Consequently, the search for new super-
hard materials with superior overall performance has become
a critical research focus.

The chemical bonds among light elements (B, C, N, O,
etc.) are typically strong covalent bonds, which allow them
to form dense and stable atomic networks [8]. These strong
interactions facilitate the formation of superhard materials
with complex structures. As a result, the search for superhard
materials within light-element systems has drawn signifi-
cant attention and yielded several notable discoveries, such
as C3Ny [9,10], cubic boron nitride (c-BN) [11,12], BC;s
[13-15], and boron-rich B5yC, [16—-18]. Nevertheless, due to
the vast phase space across different systems and composi-
tional combinations, many regions of this landscape remain
unexplored, leaving substantial opportunities for discovering
new superhard materials.
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Earlier studies mainly relied on first-principles density
functional theory (DFT) simulations, where mechanical prop-
erties were evaluated using the energy-strain method [19,20].
However, due to the high computational cost, such studies
typically required prior knowledge of atomic composition,
stoichiometric ratios, or crystal structures to reduce the search
space. To overcome these limitations, machine learning (ML)
approaches for accelerating inverse materials design have
gained widespread attention [21-23]. Conventional ML al-
gorithms, such as random forests, have achieved notable
successes in the search for superhard materials. For example,
BCoN, B4CsN3, and B,C5N were identified in the B-C-N
system [24], while BsN303, BgN4O3, B7N503, and BgN;0;
were discovered in the B-N-O system [25].

Conventional supervised-learning pipelines—most notably
hand-crafted feature engineering followed by support-vector
classification—demand labor-intensive descriptor construc-
tion, scale poorly to high-dimensional spaces, and remain
highly vulnerable to noise [26]. Furthermore, optimization
algorithms generally confine inverse design to local regions
of the search space defined by prior assumptions. To address
these issues, we recently developed a global optimization
framework, implemented in the D3REAM (data-driven de-
sign and rapid exploration of advanced materials) software
[27]. This method enables free and comprehensive exploration
of the materials space without requiring prior information
on atomic composition, stoichiometry, or crystal structure.
By embedding machine-learning-based force field models
[28,29], D’REAM can rapidly and accurately predict crystal
structures according to target properties, providing a powerful
new paradigm for superhard material discovery.

In this article, we employed the D’REAM software to
search for superhard C and BxCyN, compounds using bulk
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FIG. 1. Data-driven computational framework for discovering superhard materials. (a) Data set for machine learning potential function
training. (b) Hardness prediction by setting different random seeds. (c) Searching candidates for superhard materials by using D’REAM
crystal software embedded with machine learning potential function. (d) Screening out inaccurate structures, verifying calculation by VASP
based on first principles, and putting inaccurate structures into data sets for retraining.
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modulus and density as the target properties, following a
full-space inverse design strategy. The predicted results were
further validated by DFT calculations of bulk modulus,
shear modulus, Young’s modulus, and Vickers hardness of
the predicted results. Through this approach, we identified
severalfound stable superhard materials that are both ther-
modynamically and dynamically stable. Specifically, we two
new carbon allotropes, Cg(C2/m) and Cg(12,2,2;), as well
as B,CsN(Pmm?2), B,C3N(Cm), and B,C;¢N4(P1) in the
B-C-N system. Notably, some of these structures exhibit
strong elastic anisotropy and possess maximum elastic moduli
exceeding that of diamond, as detailed in of Sec. III C. The
overall computational workflow is summarized in Fig. 1 and
discussed in detail in Sec. II.

II. METHODS

A. Machine learning force field

For the carbon system, we used ab initio random structure
searching (AIRSS) based on the random search algorithm to
generate the training dataset [30]. Specifically, we applied
a pressure of 10 GPa to promote atomic rearrangement and
enhance structural diversity, while constraining the maximum
number of atoms per unit cell to 24 for random structure
sampling. From 11 370 candidate structures, duplicates were
removed, yielding 8270 unique structures, which were then
optimized using the Vienna ab initio simulation package
(VASP) [31]. For each converged calculation, we uniformly
extracted the structural, energy, force, and virial data at
ten points along the optimization path, ultimately obtaining
61781 energy-point entries.

For the B-C-N system, which is more complex than the
pure carbon system, it is difficult to directly construct a reli-
able machine-learning force-field model using simple random
sampling. To address this, we adopted an active learning strat-
egy (Fig. 1), iteratively improving the dataset through multiple
rounds of model training, structure searching, and retraining.
Concretely, three machine-learning force-field models were
trained with identical hyperparameters but different random
seeds. For candidate structures where the predicted hardness
exhibited a standard deviation greater than 1 GPa among the
three models, we performed first-principles validation. As in
the carbon case, ten energy points were uniformly extracted

during the optimization process for each converged calcu-
lation, and data corresponding to large deviations in model
predictions were added to the dataset for further refinement.
The initial dataset in this case was derived by introducing
random perturbations to both lattice parameters and atomic
positions of structures taken from the OQMD database, fol-
lowed by static self-consistent relaxation. This procedure
yielded 8792 energy-point entries.

For training the machine-learning force-field model, we
employed the MACE framework [32], a recently developed
architecture based on atomic cluster expansion (ACE) that
integrates E(3)-equivariant message passing with efficient
multibody messaging [33-35]. By constructing high-order
features through a hierarchical body-order expansion, MACE
avoids the exponential cost growth typically associated with
feature order [36]. This enables the development of force-
field models that can accurately describe complex interatomic
interactions and be efficiently computed in parallel.

For each model training, the dataset was divided into train-
ing, validation, and test sets in an 80:10:10 ratio. The model
was configured as ScaleShiftMACE with a batch size of 100,
a maximum of 1600 training epochs, and an early-stopping
patience of 70. Random weight averaging was applied starting
from the 1500th epoch. Prior to random weight averaging, the
loss-function weights for energy, force, and virial were set
to 10, 5, and 0.1, respectively. During the averaging process,
these weights were adjusted to 1, 1, and 0.1. All training was
carried out on CUDA-enabled GPUs.

B. Superhard materials crystal structure prediction

Currently, crystal structure prediction (CSP) primarily
aims to identify the most thermodynamically stable crystal
structure, i.e., the atomic arrangement with the lowest energy,
without relying on prior experimental information. Mathemat-
ically, this corresponds to solving an optimization problem of
locating local minima on a high-dimensional potential energy
surface [37]. In contrast, for the problem addressed in this
study, the optimization target is the Vickers hardness. Specif-
ically, we seek the crystal structure—defined by its chem-
ical composition and atomic arrangement—that maximizes
Vickers hardness within a given system.
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Here, we use D’REAM developed by Cheng et al. to
search for superhard materials. It explores the phase space
without prior knowledge of stoichiometry, crystal structure, or
atomic composition, and supports mainstream ML force-field
interfaces for data-driven materials discovery. For optimiza-
tion, we employ the Fast nondominated sorting genetic al
gorithm (NSGA-II) to balance hardness and density. NSGA-IL
uses congestion distance to maintain diversity and prevent
premature clustering [38,39], while its elite retention strat-
egy preserves high-quality individuals across generations.
Together, these features improve convergence efficiency and
enable the algorithm to identify superior solutions more
rapidly.

Specifically, we embed the trained MACE force field into
D?REAM for crystal structure prediction. First, the crystal
structures suggested by NSGA-II [40], are preliminarily op-
timized with the LJ potential, and unreasonable ones are
removed by interatomic distance screening. The ML force
field then predicts Vickers hardness, with density and hard-
ness as optimization targets for the next NSGA-II iteration.
Introducing density both avoids costly hardness predictions
on low-density structures and, with an upper bound, prevents
unphysical short interatomic distances. In addition, the ML
force field predicts XRD spectra [41], and cosine similarity
is used to ensure newly proposed structures differ from those
already found, thus preventing trapping in local minima.

C. First principles calculations

DFT calculations were performed using VASP with input
files generated by Pymatgen [42].

Structural optimization and self-consistent calculations
employed default convergence criteria, with a plane-wave
cutoff of 520 eV. The PBE functionals were used, with
spin neglected. Elastic constants were obtained by applying
five strains (0, +0.006, +0.012) via VASPKIT [43], and
bulk/shear moduli were derived using the Voigt-Reuss-Hill
scheme. Vickers hardness was then estimated using Chen’s
empirical formula [44-47]:

H, =2(*G)"* —3

.0,
where Pugh’s ratio k(= G/K).

To ensure reliability, quadratic optimization and SCF
calculations were followed by band-structure analysis with
MPNonSCFSet in Pymatgen. Phonon dispersion was cal-
culated with PHONOPY [48], using DFPT on a 2 x 2 x
2 supercell. For hardness, band, and phonon calculations,
stricter convergence thresholds for energy and force were
adopted.

D. Structure similarity comparison

To ensure independence of the initial training set and nov-
elty of structures generated during prediction, we compared
structural similarities using the Niggli algorithm implemented
in Pymatgen’s StructureMatcher class [49]. Fractional length
and site tolerances were set to 0.1, and the angle tolerance
to 1°. Structures below these thresholds were regarded as
identical.

TABLE 1. MAE in training MACE potential function from
scratch. The training average absolute error of the three different ran-
dom seeds on the test set of carbon. From the test, their performance
is similar and their accuracy is high.

MAEenergy MAEforce MAEvirals
Model (meV /atom) (meV/ A) (meV)
1 12.06 69.53 774.17
12.95 73.29 781.32
3 12.07 70.23 765.99

III. RESULTS AND DISCUSSION

A. Carbon system

Figures 2(b)-2(d) show the distribution histograms of en-
ergy, force, stress, and density for the dataset used to train
the machine learning force field in the carbon system. The
dataset contains 61 781 configurations. To evaluate model per-
formance, we compared three state-of-the-art ML force fields:
MACE, which employs advanced-order isovariable message
passing [50]; CHGNet, which efficiently represents multibody
interactions [51]; and NEP, specifically designed for carbon
systems [21]. As shown in Figs. 3(a)-3(c), pretrained models
of these potentials were tested, and while MACE exhibited
the strongest predictive ability, its accuracy remained insuf-
ficient. We therefore retrained MACE on our dataset. After
de novo training, the accuracy of the MACE model improved
markedly, confirming its effectiveness for crystal structure
prediction [Fig. 3(d)].

To better capture atomic interactions in carbon, we trained
three models using different random seeds under iden-
tical parameters. As summarized in Table I, all models
achieved consistently high predictive accuracy on the test
set, demonstrating both robustness and strong generaliza-
tion. Benchmarks for prediction errors of these models are
shown in Figs. S1 and S2 of the Supplemental Material [52].
Building on this trained model, we further computed the elas-
tic constant matrix via strain-energy relations, from which
bulk modulus (K) and shear modulus (G) were derived.
Finally, Vickers hardness was estimated using Chen’s empir-
ical formula, validating the model’s reliability for describing
interatomic interactions in carbon systems.

We investigated the carbon system using the D’REAM
platform, which integrates a machine learning force-field
modeling API. The search was limited to candidate structures
containing no more than 24 atoms, with duplicates removed
through structural similarity screening. From the resulting
dataset, we retained all structures with protocell sizes below
eight atoms and additionally selected the top 100 structures
with the highest predicted hardness among those exceed-
ing this threshold. The elastic constants of these selected
structures were subsequently validated through first-principles
calculations using VASP.

We first excluded structures with negative eigenvalues
in the elastic constant matrix to ensure mechanical stabil-
ity. We also removed materials with Pugh’s ratio k < 0.25,
which indicates extremely low hardness, and those with k >
4.0, corresponding to unrealistically high hardness values
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FIG. 2. Search for carbon system superhard materials. (a) False color intensity represents Vickers hardness calculated using K and G as
inputs. The solid lines represent the Vickers hardness contour profile calculated based on Chen’s empirical model, which can help quickly
locate compounds with superhard materials. The undiscovered superhard materials with a hardness of more than 75 GPa that were found are
represented by ¢, and the existing superhard materials in MP and SACADA databases are represented by A. (b) Data distribution of energy.
(c) Data distribution of force. (d) Data distribution of virial. (e) Data distribution of and density.

(H > 200 GPa) typically observed only under high pressure. representing Vickers hardness estimated by Chen’s empiri-
Figure 2(a) presents the scatter plot of bulk versus shear cal formula. Notably, results in the low-bulk-modulus region
modulus for the searched structures, with false-color depth appear unreliable, reflecting the known limitations of this
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FIG. 3. Comparison of the prediction capabilities of machine learning potential function prediction for the sampled carbon material
datasets. (a) CHGNet pretrained model, (b) MACE pretrained model, (¢) NEP universal model for Carbon system, and (d) MACE model
trained from scratch using dataset. Through kernel density estimates, the color from cool to warm represents the density of scattered points
at this point. (e) Search for trajectories of superhard materials using D’REAM software embedded in the refractory training MACE potential
function.
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FIG. 4. Optimization algorithm and density functional theory calculation for carbon system. Theoretical crystal structure (left) and phonon
dispersion relation (right) of (a) Cs(12,2,2,) and (b) C3(C2/m). Both show dynamic stability (phonon spectra have no imaginary frequencies).

empirical relation. Contour lines for hardness values of 40,
75, and 100 GPa are also shown. For candidate superhard
materials (H > 75 GPa), we crosschecked against the MP
and SACADA carbon databases, marking previously reported
structures with ¢ and newly identified ones with [].

For the superhard phases Cg(12,2;2;) and Cg(C2/m), both
exhibiting Vickers hardness above 75 GPa, we obtained bulk
moduli of 390.66 GPa and 399.90 GPa, and shear moduli
of 451.15 GPa and 452.23 GPa, respectively. Phonon spectra
were calculated for both structures, as shown in Figs. 4(a) and
4(b). The absence of imaginary modes and the broad stable
frequency ranges confirm that these materials are dynamically
stable. Their lattice parameters, densities, Vickers hardness,
band gaps, and average atomic energies are summarized in
Table II.

Since bulk and shear moduli are often anisotropic, our
reported values are directional averages. We further ana-
lyzed anisotropy using the elastic constant matrices [53].
As shown in Figs. 5(a)-5(d), the maximum bulk, shear, and
Young’s moduli of Cg(C2/m) occur along the (001) sur-
face, reaching 453.71 GPa, 490.52 GPa, and 1126.66 GPa,
respectively. Notably, the maximum bulk modulus of this
phase exceeds that of diamond, while its maximum Vick-
ers hardness (89.42 GPa) approaches diamond. Based on
first-principles verification, we identified superhard materials
with minimum hardness above 40 GPa and maximum elas-
tic moduli exceeding diamond. As summarized in Table III,
four carbon allotropes—C4(12,2,2;), Cg(12,2,2;), Cs(P1),

and Cg(C2/m)—exhibit bulk modulus values surpassing di-
amond in certain directions. For these materials, see Fig.
S4 of the Supplemental Material [52] for their structure and
phonon dispersion relations, and Table S1 of the Supplemen-
tal Material [52] for information on lattice parameters. This
indicates that, within carbon systems, bulk modulus is the
hardness index most likely to exceed diamond. Such excep-
tional stiffness provides superior hardness, wear resistance,
and dimensional stability, making these materials promising
for nanocomposites, protective coatings, and precision me-
chanical components [54], as well as for designing extreme
micro- and nanoscale structures.

B. Boron-carbon-nitrogen system

We applied our approach to search for superhard mate-
rials in the boron-carbon-nitrogen (BxCyN,) system. Unlike
elemental carbon, this system allows variation in both unit-
cell size and composition, providing a stringent test for our
optimization algorithm. Due to the complex potential energy
surface and limited available data, we used active learning to
train ML force-field models. Three models were trained under
the MACE framework with different random seeds for energy,
force, and virial predictions. Figures 6(a)-6(c) show the MAE
of these models across epochs, while Fig. 6(d) tracks the
training data size. After six rounds of active learning, the final
test-set MAEs were 18.01 meV/atom (energy), 109.70 meV/A
(force), and 874.21 meV (virial), demonstrating effective de-
scription of interatomic interactions. Benchmark of the error

TABLE II. Structural and performance parameters based on DFT theoretical calculation. Among them, a(A), b(A), C(A), o, B,
and y represent the lattice constants of the structure, p represents the density of the structure (g/cm?), H, is the Vickers hardness
of the structure (GPa), Gap represents the energy band gap of the structure (eV), and E represents the average atomic energy of the

structure (eV/atom).

Formula a b c o B y 0 H, Gap E
Cs(1242,2) 6.27 6.27 6.27 155.76 153.86 36.36 3.51 81.52 2.62 —7.83
Cs(C2/m) 3.46 3.46 4.18 78.54 101.46 86.17 3.35 79.58 3.84 —8.89
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FIG. 5. Anisotropic analysis of elastic constants. Anisotropic distribution of (a) bulk modulus, (b) shear modulus, (c) Young’s modulus,
and (d) Vickers hardness. False color from dark to light indicates that the elastic modulus increases from small to large. Among them, the
maximum values of bulk modulus, shear modulus, and Young’s modulus all appear on the (001) surface.

of the final model is shown in Fig. S3 of the Supplemental
Material [52].

Using these models, we searched structures with up to 20
atoms of B, C, and N. After removing duplicates by structural
similarity, we retained the top 100 candidates ranked by bulk,
shear, Young’s moduli, and Vickers hardness in each round,
and validated them with first-principles elastic constant calcu-
lations in VASP. Results were further screened for mechanical
stability and Pugh’s ratio (0.25 < k < 4). Figure 7(a) shows

the bulk vs shear modulus distribution, while ternary phase di-
agrams in Figs. 7(a)-7(e) reveal that high-carbon regions tend
to yield larger elastic moduli, consistent with the strength of
C-C bonds. Interestingly, superhard materials also cluster near
60% carbon content, suggesting that mixing ~ 40% B and N
with carbon is a promising strategy for designing superhard
materials with diverse properties.

As shown in Figs. 8(a)-8(c), three compounds—
B2C5N(Pmm2), B2C3N(Cm), and B2C16N4(P1)—6Xhibit

TABLE III. Superhard materials that exceed diamond in maximum direction. Among them, Kpax, Gmax, Emax, and Hpa represent the
maximum values of bulk modulus, shear modulus, Young’s modulus, and Vickers hardness; Modulus represents the modulus beyond diamond;
Ak, Ag, Ag, and Ay represent the anisotropy index of the structure in bulk modulus, shear modulus, Young’s modulu,s and Vickers hardness,
and their values are equal to the maximum value of the elastic modulus of the structure divided by the minimum value.

Structure Modulus Kinax Axg Gmax Ag H ok Ay Ernax Ag

Cy(12,2/21) K 449 .44 1.77 560.36 1.86 100.27 2.07 1156.93 1.98
Cg(12,2:2) K 453.71 1.32 521.23 1.36 89.42 1.41 1126.66 1.40
C4(P1) K,H 513.29 2.04 569.81 2.29 122.50 3.00 1224.32 2.09
Cg(C2/m) K 468.45 1.70 489.97 1.58 96.48 1.77 1194.96 1.84
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FIG. 6. Active learning training results. After six rounds of active learning, the bar graph distribution of the MAE predicted by three
machine learning models based on the MACE framework with random seeds of 1, 3, and 7 for (a) energy, (b) force, and (c) virial. The broken
line represents the average MAE of the prediction results of the three machine learning models. (d) is a bar graph of the training data during
the six rounds of active learning.

Vickers hardness above 70 GPa, with bulk moduli of 356.88, and 421.74 GPa, respectively. Phonon spectra confirm their
341.14, and 399.05 GPa, and shear moduli of 416.19, 380.77, dynamic stability.
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FIG. 7. Search results for superhard materials in the B-C-N system. (a) Scatter plot of the bulk modulus and shear modulus distribution
of the search results. The false color intensity indicates the size of the Vickers hardness. For ease of observation, we also drew the Vickers
hardness contours of 40, 70, and 100 GPa, and used ¥ to indicate the superhard materials with Vickers hardness exceeding 70 GPa that have
never been found. (b) Ternary phase diagram distribution of the search results on bulk modulus, (c) shear modulus, (d) Young’s modulus, and
(e) Vickers hardness. The high modulus area mainly appears in the area with a carbon content of more than 60%.
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Formation energies were also calculated as the difference
between the total energy of each structure and the weighted
sum of reference energies for 8-B, graphite, and nitrogen, as

_ Eoa(B.GN,) — xE(B) — yE(C) — zE(N)
x+y+z '

As listed in Table IV, these phases, B,CsN(Pmm?2),
B,C3N(Cm), and B,C4N4(P1), crystallize in orthorhombic,
hexagonal, and monoclinic systems. Among them,
B,CsN(Pmm2) shows the lowest formation energy
(~100 meV/atom), indicating possible experimental

AE

synthesizability. Moreover, B,CsN(Pmm2) and B,C3N(Cm)
exhibit zero band gaps, suggesting conductivity. Such
materials—combining extreme hardness with electrical
conductivity—hold great potential for applications in contact
electrodes, wear-resistant conductive parts, high-temperature
electrodes, and integrated mechanical-electronic systems [55].

IV. CONCLUSIONS

In this work, we developed a machine learning force-
field-based approach for inverse design of materials and

TABLE IV. Structural and performance parameters based on DFT theoretical calculation. Among them, a (A), b (A), ¢ (A), o, B,and y
represent the lattice constants of the structure; p represents the density of the structure (g/cm?); H, is the Vickers hardness of the structure
(GPa); Gap represents the energy band gap of the structure (eV); and AE represents the average atomic formation energy of the structure based

on the most stable element (meV/atom).

Formula a b c o 1% 0 H, Gap AE

B,CsN 2.53 2.53 7.57 90.00 90.00 90.00 3.27 78.55 0.00 116.18
B,C;N 4.54 4.54 3.86 65.19 114.81 148.93 3.48 70.55 0.00 162.60
B,C 6Ny 3.60 4.38 9.08 94.24 100.62 112.09 3.21 70.24 2.65 188.50
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successfully discovered several new superhard phases in C
and B-C-N systems. The method greatly reduces compu-
tational cost and enables comprehensive data-driven explo-
ration. Some of the predicted materials exhibit exceptional
mechanical properties, with elastic moduli in certain direc-
tions surpassing diamond, highlighting the potential of ML-
assisted discovery in advanced material design. A major chal-
lenge remains in translating theoretical predictions into ex-
perimentally synthesizable materials. Future research should
focus on exploring synthesis routes and practical applications
of these candidates. Meanwhile, improving the accuracy and
reliability of ML potentials—through larger training datasets,
optimized model architectures, and integration of advanced
ML techniques—will enhance predictive power, reduce ex-
perimental trial-and-error, and further accelerate discovery.
Beyond superhard materials, this ML-driven design paradigm

can be extended to other advanced systems such as supercon-
ductors, magnetic materials, and energy storage compounds,
offering a powerful framework for materials science.
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